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Abstract. We obtain a classification of codimension one holomorphic fofia- 
tions on P** with degenerate Gauss maps. 



1. Introduction 

Varieties with degenerate Gauss maps in complex projective spaces and their 
differential-geometric properties has already been considered by Segre in [231 IM] ■ 
That study was renewed by Grifhths-Harris in [T5] and concepts like the second 
fundamental form which can be seen as the differential of the Gauss map are dis- 
cussed in modern language. It presents a growing literature. See [J [TTl [T3] for 
example. 

In the current paper we study varieties with degenerate Gauss maps when are 
posed in a family, more precisely, we deal with codimension one holomorphic foli- 
ations on the complex projective space P" which every leaf has degenerate Gauss 
map. It happens when the global Gauss map associated to a foliations T on P" is 
degenerate. In this case we shall say T is degenerate. 

It is not difficult to see that every curve with degenerate Gauss map is a line 
and then any degenerate foliation on P^ is a pencil of lines. A surface in with 
degenerate Gauss map is either a plane, a cone, or the tangential surface of a curve. 
According to Cerveau-Lins Neto [4] there are two non-exclusive possibilities for a 
degenerate foliation on P'^: 

(1) T has a rational first integral; 

(2) is a linear pull-back of some foliation on P^. 

Moreover, if T is not a linear pull-back of some foliation on P^, then the rational 
first integral can be given explicitly and the leaves of T are cones over a fixed curve. 
If is a linear pull-back of some foliation on P^, then the leaves are cones over the 
leaves of such foliation on P^. 

Such classification of degenerate foliations on P"^ was used by Cerveau-Lins Neto 
in order to understand the irreducible components of the space T(n^ d) of codimen- 
sion one holomorphic foliations on P" with fixed degree d = 2. Their analysis relies 
on one hand in the study of degenerate foliations on P^ and on the other hand in the 
Dulac's classification of the foliations with degree 2 on P^ which has a Morse type 
singularity. This shows that a relevant role in the understanding of the irreducible 
components of the space of codimension one holomorphic foliations is played by the 
analysis of the foliations with degenerate Gauss maps. 

In this work we will obtain a similar classification as in P'^, but considerably 
more complicate, of the foliations with degenerate Gauss maps on P^. We will 
see that, in contrast with lower dimension, there are examples in P^ which neither 
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have rational first integral nor are linear pull-back of some foliation on P^. The 
examples that arise in our classification are separated in three classes according to 
whether the leaves of T are cones, joins or bands. Some of these examples have an 
interesting structure which are different from the previously known, due to the fact 
that the degenerate foliation is completely determined by the foliation defined by 
the fibers of the Gauss map. 

The paper is organized as the following: In Sj2] we recall the basic definition of 
codimension q holomorphic foliations on P" and their Gauss maps. In iJ3]we show 
the linearity of the fibers of the Gauss map. In |2] we recall some basic property 
concerning foliations by fc-planes. In fj5]we prove the Theorem [3] which relates the 
focal points of the foliation determined by the fibers of the Gauss map with the 
focal points of a leaf of T and use this to give a shorter proof of the classification 
of degenerate foliations on P"^. In ^we give the examples of degenerate foliations 
on P"* - which possibility do not have rational first integral - that will arise in our 
classification and prove the Theorem [5l our main result. 

Acknowledgement: My warmest thanks to Prof. Jorge Vitorio Pereira for his 
substantial help in the elaboration of this paper. I thank also to IMPA where a 
great part of this paper was written. 

2. Basic Definitions 

A codimension q singular holomorphic foliation on P", from now on, just codi- 
mension q foliation J- on P" is determined by a line bundle C and an element 
w G H0(P", nl„ ® C) satisfying 

(i) codim(Sing(w)) > 2 where Sing(w) ^ {x e P" | uj{x) = 0}; 

(ii) Lu is integrable. 

By definition uj is integrable if and only if for every point p € P"\Sing(ci;) there 
exist a neighborhood V C P" of p and 1-forms ai,...,aq £ n'^iV) such that 

uj\v ^ ai A ... A aq and daiAutlv—O \/i — l,...,q. 

The singular set of J-', for short Sing(^), is by definition equal to Sing(ci;). 
The integrability condition (ii) determines in an analytic neighborhood of every 
regular point p, i.e. p £ P" \ Sing(J-") a holomorphic fibration with relative tangent 
sheaf coinciding with the subsheaf of TP" determined by the kernel of co. Analytic 
continuation of the fibers of this fibration describes the leaves of 

For a codimension one foliation T on P" (i.e. q = X) the integrability (ii) is 
equivalent to 

w A = 0. 

The Gauss map of a codimension q foliation T on P" is the rational map 

G^:P" G{n~q,n) 
p 1-^ TpT 

where TpJ- is the projective tangent space of the leaf of J- through p and G{n^q, n) 
is the Grassmannian of (n — q)-planes in P". In this paper we will focus on the 
Gauss map of codimension one foliations. Codimension q foliations, 2 < g < n — 1, 
will appear only in the definition of foliations by fc-planes in [j4l 
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The Gauss map for codimcnsion one foliations was also considered in [20j to give 
upper bounds for the dimension of certain resonance varieties and in [lOj for the 
study of the degree of polar transformations. 

3. Linearity of the Fibers of the Gauss Map 
The Gauss map of a codimension one foliation T on P" is the rational map 

Gt ■ P" P" 

where T^T is the projective tangent space of the leaf of T through p. 

The degree of a codimension one foliation on P", for short deg(jr), is geo- 
metrically defined as the number of tangencies of T with a generic line £ C P". 
If t : ^ — > P" is the inclusion of such a line then the degree of T is the degree of 
the zero divisor of the twisted 1-form G H°(^, fJ] ® C.\t)- Thus the degree of T 
is nothing more than deg(£) — 2. It follows from Euler's sequence that a 1-form 

e II°(P", ri^(deg(jF) -I- 2)) can be interpreted as a homogeneous 1-form on C"+^, 
still denoted by a;, 

n 

uj = Aidxi 

i=0 

with the coefficients Ai being homogenous polynomials of degree deg(J^) -t- 1 and 
satisfying Euler's relation ijiuj = 0, where iji stands for the interior product with 
the radial (or Euler's) vector field R — J27=o 

If we interpret [dxQ : . . . : dxn] as projective coordinates of P", then the Gauss 
map of the corresponding T can be written as Gjr{p) — [Ao{p) : . . . : A„(p)]. 

If p is a regular point of J- and M is a germ of leaf of J- through p, i.e. a germ 
of codimension one complex variety in which is invariant by J-'. We consider the 
Gauss map associated to AI 

Cm ■■ M P" 

p ^ TpM. 

It is clear that Gjr restricted to M coincides with Gm- The following lemma relates 
their ranks. 

Lemma 1. Let J- be a codimension one foliation on P" and M be a germ of leaf 
of J- through a regular point p. Then 

j:ank{dGyr{p)) = rank(dGAf (p)) + 1. 

Proof. We consider 

n 

w = ^ Aidxi, 

i=0 

a homogeneous 1-form on C""*"^ representing T. 

After a linear change of variables one can suppose in the affine coordinate system 
(zi, ...,z„) = (f^, G C" C P" that 

p= (0,...,0) andrpj^={z„ = 0}. 
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In this coordinate system q — (zi, ...,Zn), the Gauss map is given by 




Since dG — dGM{0), this concludes the proof. 



□ 



Suppose J- has degenerate Gauss map, i.e. the differential dGj^{p) has constant 
rank k for some 1 < k < n outside a proper algebraic subset S* C P". In this case 
we shall say Gjr has rank k. By the Implicit Function Theorem there is a regular 
holomorphic foliation Q on P" \ 5* so that each leaf of Q has dimension n — k and 
Gjr is constant on each leaf. Such foliation Q extend to a codimension k foliation 
on P" in which we still denote by Q. We shall refer to Q as the foliation determined 
by the fibers of Gjr. The following proposition shows that the leaves of Q are linear 
spaces. 

Proposition 1. Let J- be a codimension one foliation on P", n > 2. If G^ has 

rank k, 1 < k < n, then a generic fiber of G^ is a union of open subsets of linear 
spaces of dimension n — k. 

Proof. Let M be the germ of a leaf of JT. By Lemma [1] the generic fiber of Gjr and 
Gm has the same dimension. To conclude the proposition one has just to invoke the 
classical results on the Gauss map Gm (cf. [13] and [H] for a local approach). □ 



A foliation by k-planes Q on P", 1 < A: < n — 1, by definition is a codimension 
{n — k) foliation on P" which every leaf is contained in a linear space of dimension 
k. The algebraic closure B' C G(fc,n) of the set of invariant /c-planes by Q defines 
a subvariety of dimension n — k. Reciprocally, a subvariety B' C G(A:, n) which for 
a generic point p G P" there is exactly one element of B' passing through p, defines 
a foliation by fc-planes Q on P". We shall say Q is determined by B' . 

We consider the variety 



4. Foliations by ^-Planes 



A' = {(p,L) e P" X B'Ip e L}. 



together with the natural projections g' 
have the following diagram 



: A' 



B' and /' : A' 



P". Then we 



/ 



K:= B Xb' A' 




A' 



P' 



g 



a 



B 



B' 



where (p is a resolution of B' and f — f o ip* ■ Notice that A is a vector bundle over 
the nonsingular variety B, in particular it is a smooth variety. 
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We denote by Rg the divisor of ramification points of /. We can write 

Rg = Hg + Vg 

wfiere g\^^ ^ has rank n — k'ma. dense open subset and g\^^ ^ is not dominant (where 
I I denotes the support of the divisor). Notice that the irreducible components 
of the support of Hg can be seen as horizontal components (and Vg as vertical 
components) with respect to the fc-planes fibers of g. Since / is a parameterization 
of the leaves of Q outside f{\Rg\)^ it follows f{\Rg\) = Sing(5)- 

Definition 1. If E is an irreducible component of the support of Hg, then f{E) 
is called fundamental component of Q. The union of all fundamental components 
is called fundamental set of Q and it is denoted by Ag. 




A P" 



Figure 1. Fundamental component. 

If L G S, we still denote by L C P" the respective fc-plane interpreted as subset 
of P". If L is an invariant fc-plane by Q is not contained in the singular set of Q, 
that is, g~^(L) is not contained in the support of Vg, then the restriction of Hg to 
g~^{L) defines a hypersurface in g~^{L) which we denote by Ag{L). Notice that 

f\g-HL) ■ 9^^{L) > L 

is an isomorphism. Thus the direct image /*(Ag(L)) is a divisor in i C P" which 
we denote by Ag(L). We shall refer to Ag{L) as the focal points of Q in L. We will 
proof in ijS.ll that Ag{L) has degree n — k. That result can also be found in [8 , it 
is a classical known fact about congruences. 

The subvariety B' C G(fc,n) which defines a foliation by /c-planes is classically 
known as congruence of k-planes on P" of order one. The congruence of lines on 
P" (i.e. fc = 1) was already considered by Kummer in [15] where a classification 
was obtained when n = 3. We state this classification in t)4.2l and use it to obtain 
a shorter proof of Cerveau-Lins Neto's classification of degenerate foliations on P"^. 
The congruence of lines on P"* was studied by Marietta in [TBI HZ] and also by De 
Poi in [II E [9] seeking to complete Marietta's classification. We will not use such 
classification for the study of degenerate foliations on P^ in Sj6l just some general 
results. 

4.1. Foliations by Lines. Now, let us recall some known facts (see [8] for example) 
about foliations by lines (i.e. fc = 1) that will be useful later. 

Lemma 2. Let Q be a foliation by lines on P". If Q has an isolate singularity p, 
then it is the radial foliation from p, that is, the foliation determined by the lines 
passing through p. 
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Proof. Let E be an irreducible component of the support of Rg such that p G f{E). 
Since p is isolate we conclude that f{E) — {p}. 

If E is contained in the support of Vg, then /(£") C Sing(^) contains at least 
one Hue f{g^^{L)). Since f\g-i(L) is an isomorphism, p would not be an isolate 
singularity. 

Therefore we may assume that E is contained in the support of Hg. It follows 
that B' C a, where B' C G(l, n) denote the closure of the family of invariant lines 
by Q and a C G(l, n) denote the family of lines passing through p. Since 

dim(B') = dim(cr) = n — 1, 

the result follows. □ 

Lemma 3. Let Q be a foliation by lines on P". Let us write 

Hg = Y,m{E).E, 

where E is an irreducible hypersurface in A. We claim that 

m{E) >n- d\m.f{E) - 1. 

Proof. We take q G E a, smooth point such that p = f{q) isa, smooth point of f{E). 
Up to a local biholomorphism we may assume that / can be written locally as 

where e Oq, for all « = 1, ...,n, a;„ e Oq is the local equation of E and ds = 
d\mf{E). It follows 

detJ/ = x^-'^"-^ ■ Q, 
where Q G Oq. Since such biholomorphism induces an isomorphism in the local 
rings, this concludes the lemma. □ 

Definition 2. Lot Q he a foliation by lines on P" and E C A an irreducible 

component of the support of Hg. 

(1) If g~^{L) n is a set of single point for generic L G B, we may consider 
the rational map 

cj>E ■.= forEof-^:¥^-^f{E), 

where te : A — > E is the natural projection along the lines g~^{L) C A. 
We shall refer to as the projection along the lines of Q. 

(2) The fibers of the restriction f\E '■ E — > f{E) define a foliation r}E on E of 
dimension n — dE — ^- We shall refer to r]E as the foliation defined by f on 
E. 

Proposition 2. Let Q be a foliation by lines on P", n = 3, 4. If E is an irreducible 
component of the support of Hg such that (^\mf{E) > 1, then 

keidfix) C T^E, 

for a generic point x £ E. 

Proof. Notice that if T^E does not contain kerrf/(a;), then 

T^A = T^E + kerdfix). 

Therefore df{x){T^A) C Tf(,^)f{E), i.e. the line f{g~'^{g{x))) is tangent to f{E) 
in f{x). If dim/(£') = 1, then the closure B' C (G(l,n) of invariant lines by G is 
a family of tangent lines to a curve. But this family does not fill up the space. If 
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dimf{E) = 2, then B' is the family of tangent hnes to a surface. But it cannot 
define a foUation by lines according to '7 , Proposition 1.3. □ 

We need introduce more notations: 

Notation 1. 

(1) If F C P" is a linear space, then denote its dual, i.e. the projective 
space associated to the set of hyperplanes in F. 

(2) If £^ C is a linear subspace, then Ep denote the set of hyperplanes tt G 
containing E. If F = P" we just denote E* . 

4.2. Foliations by Lines on P'^. The foliation by lines were considered by Kum- 
mer in |il5j, where a classification in P^ was obtained. Alternative proofs of the 
Kummer's classification has been given by many other authors (cf. [STJ [26l [6l [3]). 

We state such classification here: 

Theorem 1. (Kummer, [15j j. Let Q he a foliation by lines on P^. We have one of 
the following possibilities: 

(1) The foliation Q is determined by the family of lines passing through a point 
p e P3. 

(2) The foliation Q is determined by the family of secant lines to a twisted cubic. 

(3) There is a line L and a non-constant morphism 7p : L* — > L such that Q 
is determined by the family of lines 

(4) There is a line L and a rational curve C such that for generic tt G L*, then 
(tt n C) \L is a set of a single point and Q is determined by the family of 
lines which intersect L and C . 

4.3. Foliations by Planes on P**. The classification of the surfaces of order one 
in (G(A;, n), that is, of the family of fc-planes in P" which a generic {n — k — 2)-plane 
meets only one fc-plane of the family was obtained by Z.Ran in |21] . In particular, 
he gave a classification of the foliation by planes [i.e. fc = 2) on P^ which we state 
here. This classification will be useful later. 

Theorem 2. (Ran, |21j ). Let Q he a foliation by planes on P^. We have one of 
the following possibilities: 

(1) The foliation Q is determined by the family of planes which contains a line. 

(2) There is a plane E and a morphism tp : E* — > G(l,4) such that the line 
7/'(7r) is contained in tt for all hyperplane tt G E* and Q is determined by 
the family of planes 

(3) There is a cubic irreducible surface S and a family of dimension two of 
conies ( distinct of double lines ) in S such that Q is determined by the family 
of planes containing such conies. 

5. Degenerate Foliations 

Given a codimension one foliation T on P" one can naturally associate to it the 
Gauss map Gj^. When Gjf has rank n — fc, 1 < fc < n, it follows from Proposition 
[Hthat its fibers define a foliation Q by fc-planes on P". 
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Definition 3. A codimension one foliation on P" is called degenerate if it has 
degenerate Gauss map. The rank of J- is defined as the rank of Gj^. 

5.1. Focal Points. Let be a codimension one foliation of rank n — k, 1 < k < n. 
Let p e P" be a regular point oi T, U C P" a small neighbourhood of p in which 
does not intersect Sing(J^) and AI C C/ a codimension one complex variety which 
is invariant by J-. We consider 

where Lp is the invariant /c-plane by Q passing through p. We shall refer to Mq as 
the saturation of AI by Q. To obtain a definition of the focal points for Mq we take 
the maps /^/o and g^/o defined in the following diagram 

Amo ^^^^^^^^-^X^-^ P" 

gMo-=goii g 

Bmq — — ^ B 

where Aj\,/o — /^^{Mq), Bmo — g{^Ma) and ii, 12 are natural inclusions. 
We denote by Rmq the divisor of ramification points of ■ We can write 

where {gMo ) \\Hmo I rank rt — — 1 in a dense open subset and (gMo ) 1 1 Vii./„ | is not 
dominant. 

If L is an invariant /c-plane by Q is not contained in Sing(^?), that is, g^^{L) is 
not contained in the support of Rmq , then the restriction of Hmq to g^j^ (L) defines 
a divisor in g^_j^{L) which we denote by A^^^(L). Notice that 

^^'-\g-J^{L)--9MSL)^L 

is an isomorphism. Then the direct image 

(/Mo)*(Al,„(i)) 

is a divisor in i C P" which we denote by /S.Mo{L). We shall refer to /S.Mo{L) as 
the focal points of A-Iq in L. 

The following theorem relates the focal points of G and the focal points of Mq. 
In order to prove it, we use the same idea as in TT, §2.2.4] to look at the focal 
points. 

Theorem 3. With notations as above, if L C P" is an invariant k-plane by Q is 
not contained in Sing(C/), then we have the following statements: 

(1) l^Ma{L) is a divisor in L of degree n — k — 1; 

(2) Ag(L) is a divisor in L of degree n — k; 

(3) AMoiL)<Ag{L). 

Proof. Since : g^^{L) — > L is an isomorphism we can suppose that 

f*Ag{L)=YiFg{L)) and /* Am„ (i) = V(^^Mo (i)), 
where Fg{L), Fmo{L) are homogeneous polynomial in fc + 1 variables. 
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A local parameterization ip : D""*^ — > B of a neighbourhood of L can be explic- 
itly written as ^{s) = P(span{Q!o(s), ...,afc(s)}), where ao, ...,Qk ■ D""*^ — > C"'+-^ 
are holomorphic functions. Composing / with the following local parameterization 

A : D"-*^ X P'' — > A 

{s,t) {[toao{s) + ... + tkak{s)],tjj{s)), t = {to : ... ■ tk), 

we may assume that / can be explicitly written as 

/ : D""''' X P'^= — > P" 

{s,t) [toao{s) + ... +tkak{s)], t = {to : ... -.tk). 

Since L is not contained in Sing(5) one can suppose that 

(1) / is an isomorphism in (s,eo) (where eo = (1 : : ... : 0)), for all s € D""*^ 
and we take E := /(P""*^ x {eo}) transversal section to Q; 

(2) X {sn-k} X {eo}) is invariant by .F|e for all Sn-k e P. 
Therefore, it follows from the above property (2) that the restrictions 

: ©""''"^ X P'^ — > P" 

{S,t) ^ f{s,t), S = {s,Sn-k), 

are local parametrizations of the leaves of T. Then by definition, f*Ag{L) is given 
by the ramification points of / and f*AMo{L) is given by the ramification points 

of /a„_,- 

Let us denote 

V := span J ao{s), ...,akis),^U^{s), Vti-^^(s) I . 

L i=o i=o ^^"-'^ J 

We notice that Imd/(s^t) = ¥V. Hence property (1) above implies that / is an 
isomorphism in (s, t) if and only if the equality in the following equation is hold 

V C span |ao(s), ...,ak{s), ^{s), = C"+^ 
If we denote 

OS \d.si dsn-k J 

then, there exists matrix Ai{s) € M((n — k); C), i = 0, fc, (Ao(s) = Idn-k) such 
that 

^(s) = ^i(s)^^(s) mod span{Q!o(.s), afc(s)}. 
as as 

Therefore / is an isomorphism in (s,t) if and only if 

det(io-4o(s) + ... + tkAk{s)) = 0. 

This implies that Fg{L) = det(toj4o(s) + ... +tkAk{s)) and hence is a homogeneous 
polynomials in to,...,tk of degree n — k. This proves the statement (2) of the 
theorem. 
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On the other hand, the following equation follows from the hypothesis that the 
tangent space of T is constant along the leaves of Q 

span|ao(s),...,afe(s),X;*Lo**lff(«)'--'ELo*«93f^(s)} ^ 

span{ao(s), afe(s), (s), aif^(s)} . 

We have equality if and only if /s„_i is an immersion in (s, i). Therefore there 
exists matrix Ai{s) G M {{n — k — 1); C), i — 0, k, {Ao{s) = Idn-k-i) such that 

^(s) = Ai^^{s) mod span{ao(s), •■■,afe(s)}• 
c's OS 

Hence fs„_i is not a immersion in (s, t) if and only if 

det(toAo(s) + ... + tkMs)) = 0. 

This implies that Fmo{L) — det(to^o(s) + --- + i/£^i(s)) and hence is a homogeneous 
polynomials in to, ...,tk of degree n—k^l. This concludes the proof of the statement 
(1). Since 

toAa{s) + ... + tkAk{s) 



toAois) + ...+tkAkis) 


0(n-fc-l)xl 


ari-fci(s) . . . a„„fc„_fc_i(s) 


an-fcn-fc(s) 



for some holomorphic functions Uij : D" — > C, it follows Fmo{L) divides Fg{L). 
This concludes the proof of the theorem. □ 

Remark 1. 

(a) The statement (1) of the Theorem [3] is a known fact about varieties with 
degenerate Gauss maps (see [11] Proposition 2.2.4] for example). 

(b) In the case fc = 1, the statement (2) of the Theorem[3]is a known fact about 
congruence of lines (see [8j Theorem 5] for example). 

5.2. Degenerate Foliations on P^. The classification of degenerate foliations on 
plays a key role in the study of the irreducible components of the space of 
holomorphic foliations of degree two on P" (cf. [4j). We give a shorter proof of 
such classification by using the classification of the foliations by lines on P'^. The 
proof contains some main ideas for the classification on P**. 

Theorem 4. (Cerveau-Lins Neto, [4]/ Let J- he a degenerate foliation onP'^. We 
have one of the following possihilities: 

(1) J- has a rational first integral; 

(2) J- is a linear pull-back of some foliation on P^. 

Proof. If T has rank one, then the leaves of J- are open subsets of linear spaces 
(fibers of Gyr). In this case it is easy to see that .7-" is a pencil of hyperplanes. Hence 
it has a rational first integral. 

If J- has rank two, we consider the foliation by lines G determined by the fibers of 
Gjr. If Q has an isolate singularity p, it follows from Lemma[l]that Q is determined 
by the family of lines passing through p. Therefore, J- is a linear pull-back of some 
foliation on P^. In fact, let i/j : P^ be the linear projection from p. By 

hypothesis ip has fibers which are tangent to thus it follows from [SJ Lemma 2.2] 
(applied to '0|(p3\{p})) that there exist a foliation t] on P^ such that = ^*{r]). So 
we are in the case (2) of the statement. From now on we will assume that G does 
not have isolate singularities. 
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Let E be an irreducible component of \Hg\ and Mq be the saturation of a germ 
of leaf of by Q. 

On the one hand, the Proposition [2] implies that (see Definition [2] for tie) 

TpTjE = keT{df{p)), for aU p £ E. 

On the other hand, since A/q := f~^{Mo) is invariant by f*T one has 

TpTE^Tp{M*nE). 

By definition of A^^ (L) follows 

Tpf]E = Tp^E if and only if p e \^*m„{L)\ E. 

Therefore |A^,j^^(i)| n i? is not empty for a saturation Mq of a germ of generic leaf 
of T if and only if JTg = ije- It follows from Theorem [3] that |AJ,j^(i)| n i? is not 
empty for some E, finally one can conclude that J-e — tje for some irreducible 
component E of the support of Hg . 

It follows from Theorem [3] that Ag (L) is a set in L of two points counting 
multiplicity, so one have three possibilities: 

(a) Hg = 2E- 

(b) Hg = E- 

(c) Hg=Ei+E2. 

We suppose first Hg — 2E. By the classification of the foliations by lines on 
P'' we can assume that f{E) is a line and Q is the foliation in the case (3) of the 
Theorem [TJ We consider the projection along the lines of Q 

<j,E ■■ f{E). 

It follows from the above remark that J^e = Ve, in particular is a rational first 
integral of J-. But the fibers of 4>e are planes containing f{E), i.e. T is a pencil of 
planes containing f{E). Hence it has a rational first integral. 

Let now Hg = E. It follows from Theorem [T] that f{E) is a twisted cubic and 
Q is determined by its secants lines, i.e. Q is the foliation of the case (2) of the 
Theorem [TJ Since a generic line g~^{L) intersect E in two points and !Fe = Ve it 
follows that |A^,j^(L)| is a set of two points. However, this contradicts the fact that 
a leaf of has only one focal point. Therefore this case cannot happen. 

It remains to consider the case in which Hg = Ei + E2. We first prove that 
f{Ei) ^ f{E2)- In fact, suppose by contradiction that C := f{Ei) = f{E2)- The 
cone Fp, p £ C , determined by the invariant lines by Q passing through p is ir- 
reducible because C is an irreducible curve. Let Ni be an irreducible component 
of f\E~^{p), i = 1,2. Then the images by /, f{g-'^{g{Ni))), i = 1,2, are dis- 
tinct irreducible cones determined by invariant lines by G passing through p. This 
contradicts the fact that Fp is irreducible. 

We may assume that f{Ei) ^ f{E2)- By classification of the foliation by lines 
on P'^ we can suppose that f{Ei) is a line and Q is the foliation of the case (4) of 
the Theorem [H We have that either Tei = VEi or !Fe2 ~ i1E2- In the both cases, 
the projection along the lines of Q 

cj)E, : P3 f{E,), z = 1 or 2, 

is a rational first integral of So that is the case (1) of the statement. It is 
possible to see that in the first case, the leaves of T are cones over /(-E2) and in 
the second case, T is a. pencil of planes containing f{Ei). □ 
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Remark 2. If is a degenerate foliation on P'^ in which is not a hnear pull-back 
of some foliation on P^, then we are in the case which Hg = Ei + E2, f{Ei) is 
a line and <j)Ei is a rational first integral of J-. It is possible to prove that (pEi is 
explicitly given by 

(j)E^ ■■ P^ 

(xo : ... : 2:3) ^ (x2P{xo,xi) ~ Q{xo,xi) : xs,P{xo,xi) - R{xo,xi)), 

where P, Q and R are homogeneous polynomials in C[a;o,a;i], with deg(P) + 1 = 
deg(Q) = deg(i?) given a global parameterization of the rational curve /(-E2) 

pi /(^2) c P3 

(xq : xi) ^ {xoP{xo,xi) : xiP{xo,xi) : Q{xo,xi) : R{xo,xi)). 

6. Degenerate Foliations on P"' 

If ^ is a foliation of rank at most two on P" , then we have the following possi- 
bilities (cf. 0]): 

(1) J- has a rational first integral; 

(2) is a linear pull-back of some foliation on P^. 

In fact, if E is a generic linear space of dimension three, then J-'\^ has also rank at 
most two. It follows form Theorem |4] that either has a rational first integral 
or is a linear pull-back of some foliation on P-^. The result follows from [U 
Lemmas 2 and 3] . Therefore, to obtain a similar classification as in Theorem |4] of 
degenerate foliations on P^, it remains to consider foliations of rank three. 

Let be a foliation of rank three on P^. In this case, the fibers of the Gauss 
map define a foliation by lines Q on P^. Let p S P" be a regular point oi U C P" 
be a small neighbourhood of p in which does not intersect Sing(jr) and AI C U a 
codimension one complex variety which is invariant by J-. It follows from Lemma 
[1] that M is a hypersurface in P^ with degenerate Gauss map of rank two. We 
consider the saturation of M by 5 

Mo := UpgM-^p, 

where Lp is the invariant line by Q passing through p. It follows from classification 
of hypersurface in P'' of rank two (see [1] for a local approach and also [191 ES] for 
projective varieties) that one has the following possibilities: 

(1) Mq is a cone; 

(2) Mq is the join of two curves; 

(3) Mq is an union of planes (but not osculating) containing the tangent lines 
to a curve C, i.e. Mq is a band over C; 

(4) There exists a curve C and a surface S such that Mq is an union of tangent 
lines to S intersecting C; 

(5) There exists two surfaces 6*1, 6*2 such that Mq is an union of their common 
tangent lines (possibly Si — 82)- 

If Mq is in the cases (4) or (5) for a generic point p € P^, then the invariant 
lines by Q are tangents to a surface contained in the fundamental set of Q. But, 
it follows from [71 Proposition 1.3] that it cannot define a foliation by lines on P**. 
Therefore a generic leaf of J- is either a cone, a join or a band. 

Before giving the examples of degenerate foliations on P'', let us give a proposition 
that will be useful later. 
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Proposition 3. Let J- be a degenerate foliation on which does not have rational 
first integral. Suppose there is a foliation by lines Q on P** in which is tangent to 
the foliation determined by the fibers of G^. If Q is not tangent to a foliation by 
planes containing a line, then J- has rank three. 

Proof. If T does not have rank three, then either it has a rational first integral or 
is a linear pull-back of some foliation on P^. By hypothesis one can suppose T is 
the pull-back by a linear projection ifj : P^ P^ with center at the line L, of some 
fohation on P^. 

If J- has rank one, then their leaves coincide with the fibers of Gj^. So, in this 
case ^ is a pencil of hyperplanes containing a line. Hence J- has a rational first 
integral. Therefore it remains to consider the case which J- has rank two. 

Suppose J- has rank two. Since the foliation determined by the fibers of ■(/' is 
tangent to the foliation determined by the fibers of Gjr, this implies that these 
two foliations are the same. If is a foliation by lines under the hypothesis of the 
proposition, then Q must be tangent to the fibers of ip. Since the fibers of ip are 
planes containing the line L, this concludes the proof. □ 

6.1. The Examples. In this section we will give the examples of degenerate folia- 
tions on P"* that possibility does not have rational first integral. Such examples are 
separated in three classes according the generic leaf of the foliation: cones, joins and 
bands. In first example the leaves are cones, in second example the leaves are joins 
and for the rest the leaves are bands. The examples [H [5] and [6] are different from 
the previously known because the degenerate foliation is completely determined by 
the foliation by lines defined by the fibers of the Gauss map. 

6.1.1. Cones. 

Example 1. Let -0 : P** P'' be a linear projection with center at p G P^. The 
fibers of ip define a foliation by lines Q passing through p. Let T be the pull-back 
by 4' of some foliation on P'^, that is, T = tj}*{v)- It is easy to see that the leaves 
of Q are contained in the fibers of Gjf. Hence is a degenerate foliation on P''. If 
77 is not degenerate, then Q coincides with the foliation determined by the fibers of 
Gjr and !F has rank three. 

Since ip is a rational map, we notice that J-' has a rational first integral if and 
only if 77 has a rational first integral. The leaves of are cones over the leaves of 
the foliation rj on P'^. 

6.1.2. Joins. 

Example 2. Let Q he a, foliation by lines on P^ determined by the family of lines 
which intersect an irreducible surface S and an irreducible curve G (distinct of a 
line). Foliations by lines on P^ with the above property were classified in [TBI [5], 
In general if S is not a plane then C is a planar curve (cf. |16[ p. 396] or '6^, Lemma 
2]). 

It follows from Lemma [3] that 

Hg^Ei + 2E2, f{Ei) and G ^ f{E2). 
We can consider the projection along the lines of Q (see Definition [2]) 

Pe, : S. 
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Given some foliation rj on S, we define 

The leaves of J- are joins J{C, N), that is, an union of lines which intersect C and 
N where is a leaf of 77. Thanks to Terracini's Lemma one obtain that the tangent 
space of J- along an invariant line by G is constant, i.e. Q is tangent to the foliation 
determined by the fibers of Gjp. Therefore !F is a degenerate foliation on P^. 

It follows from Proposition [3] that if J- does not have a rational first integral 
then it has rank three because G is not tangent to a foliation by planes containing 
a line. Since (jy^i is a rational map, J- has a rational first integral if and only if rj 
has a rational first integral. 

6.1.3. Bands. 

Example 3. Let C C be a planar curve distinct from a line and S = c P^ 
the plane containing C. 

Let us define the foliation by lines. We first consider a non-constant morphism 

: E* ^ pi — >C. 

For each tt £ S* let B,^ C 4) the family of lines contained in tt passing through 
iP{tt) £ C. Let Q be the foliation by lines on P^ determined by the family 

B = U,eE*S, CG(1,4). 

Given p € C a. smooth point, one denote by Ip the tangent line to C at p. We 
consider the family of planes defined in the following 

V^U^ U5e(^,,,);^ CG(2,4), 

where tt G S* runs over points such that is a smooth point to C. 
Now we can define the surface 

X = {{tt, e S* X 7^ I e C tt} C P^ X (G(2, 4). 

and consider the natural projection 

0x : P'' X 

pe£, ^ (tt,^); ^Ctt. 
Finally, given some foliation rj on X one may define 

According to the construction, the leaves of are bands over C. A simple local 
computation shows that the tangent space of J- along an invariant line by Q is 
constant, i.e. Q is tangent to the foliation determined by the fibers of Gjr. Then T 
is a degenerate foliation on P^. 

It follows from Proposition [3] that if J- does not have a rational first integral 
then it has rank three because G is not tangent to a foliation by planes containing 
a line. Since (px is a rational map, J-^ has a rational first integral if and only if 77 
has a rational first integral. 

Example 4. Let S = P^ c P'^ be a plane and 

iP -.T,* =F^ — > ^ p2 

a non-constant morphism, where denote the set of lines in E. 
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We consider the surface 

X = {{tt,p) £ S* X S|pe C E} C X p2 
with natural projections 

Ti-.X — y S* 

{7T,p) l-^ TT, 

T2:X — > E 
(7r,p) t-^ p. 

Let R be the divisor of ramification points of T2 . We can write R = D + V, where 
D is the divisor associated with the horizontal components (i.e. if is a component 
of the support of D, then ti|^ is dominant) and V is the divisor associated with 
the vertical components (i.e. Ti||y| is not dominant). 

Now, let us define the foliation by lines. We consider a morphism 

ip:Y.* — > G(l,4) 

satisfying 

(1) (fin) C TT, for all tt e E*; 

(2) ip{tt) n E = ^ i^iT^), for a generic tt e E*. 

where we still denote by (p{tt) the corresponding subset of P''. 
If Ptt does not belong to iP{tt), then the family of lines 

-Btt = {I ^ G-(l,4) I I intersect (^(tt) and iP{tt)} 

define a foliation by lines on tt. Therefore we may consider the foliation by lines Q 
on P^ determined by the family of lines 

B = LVB;cG(1,4), 

where tt runs over the points of E* such that p^^ ^ i^i^^)- 

The foliation Q defines a foliation 77 on X in following form. Let be the radial 
foliation on E determined by lines passing through and u^r G H°(E,TE ® Tg ) 
a tangent field to Ot^- Since T2 is generically a local isomorphism, for all tt e E* we 
can define a field of directions on T2~^(?A(7r)) 

Vtt '''2*('«7r|^(7r))- 

Hence we obtain a foliation r/ on X which is tangent to u^r when tt runs over E*. 
We shall say that G induces r] on X. 

It is not hard to prove the following proposition which gives a better knowledge 
about rj. See [21 Chapter 4] for Riccati foliations. 

Proposition 4. Let Q be the foliation by lines defined as above, then the foliation 
rj induced by Q on X is a Riccati foliation with respect to ti tangent to the kernel 
of dT2 along the support of D. Reciprocally, each Riccati foliation rj on X (with 
respect to Ti) tangent to the kernel of dT2 along the support of D, defines a foliation 
by lines Q on P"* as above which induces rj on X . 

Let us define the degenerate foliation on P"*. Since E is a fundamental component 
of G, there exist a horizontal component E C A such that E = f{E). By using the 
projection along the lines of G 

cjjE ■■ P'' E, 
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we obtain the rational map 

(l>x ■■ P'^ X 
pen 1-^ {Tr,(f>Eip))- 
Finally, we define the degenerate foliation on P"' as 

By construction, one leaf of is a band over a curve TV C E where N is the direct 
image by T2 of a leaf of ry. A simple local account shows that the tangent space of J- 
along an invariant line by Q is constant, i.e. G is tangent to the foliation determined 
by the fibers of Gjr. Then T is a degenerate foliation on P''. 

It follows from Proposition [3] that if J- does not have a rational first integral 
then it has rank three because Q is not tangent to a foliation by planes containing 
a line. Since (px is a rational map, J- has a rational first integral if and only if rj 
has a rational first integral. 

Remark 3. When Im(-0) C E^ is a line, then \D\ is invariant by 77 and J- is 
pull-back by (f>E of some foliation on E. 

Example 5. Let E = P^ C P** be a plane and 

V;:E*=pi^|C)E(d)|, 

d > 1 (if d = 1 we are in Example S]) , a non-constant morphism such that there 
exist a morphism 

/X : E* > E 

in which fj.{n) G 'i/'l^) ^-nd /i(7r) is a point of multiplicity (d— 1) for iP{t:) (where we 
still denote by iP{tt) C E the corresponding subset of P**). 
We consider the surface 

X = {(7r,p) e E* X E 1p e iP{tt)} C P^ X p2 

with natural projections 

Ti-.X — > E* 
(7r,p) TT, 

T2 : X ^ E 
(7r,p) t-^ p. 

Let be the radial foliation on E determined by the lines passing through fJ.{n) 
and G H°(E,rE ® Tg ) a tangent field to Ot^. Since r2 is generically a local 
isomorphism, for all tt G E* we can define a field of directions on T2^"'^(V'(^)) 

Therefore we obtain a foliation 77 on X which is tangent to when tt runs over E*. 
This case is distinct of the Example |4] in the sense that the foliation rj is determined 
by the morphism -ijj. 

Let us define the foliation by lines. We consider a morphism 

^ : E* — > (G(l,4) 

such that 

(1) ip{T:) C TT for aU vr G E*; 

(2) ifiln) n E = fi{TT) for aU vr G E*. 
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where we still denote by '^{tt) see as subset of P'^. The family of hncs C G(l, 4) 
which intersects </9(7r) and ?A(7r) defines a foliation by lines on tt. Therefore one can 
consider the foliation by lines Q on P^ determined by the family 

Since E is a fundamental component of G, there exist a horizontal component 
E C A such that S = f{E). By using the projection along the lines of Q 

(j)E ■■ P^ S, 

we obtain the rational map 

(/)x:P* --^ X 
pen (vr, (?!)_e(p))- 

Finally, we define the degenerate foliation on P"' as 

In the construction, the generic leaf of ^ is a band over a curve iV C E where N 
is the direct image by T2 of a leaf of 77. A simple local computation shows that the 
tangent space of along an invariant line by G is constant, i.e. Q is tangent to the 
foliation determined by the fibers of Gjr. Then ^ is a degenerate foliation on P''. 

It follows from Proposition [3] that if J- does not have a rational first integral 
then it has rank three because G is not tangent to a foliation by planes containing 
a line. Since (j)x is a rational map, J- has a rational first integral if and only if 77 
has a rational first integral. 

Example 6. Let 5* = 5*1,2 the rational normal scroll of degree three in P**, that is, 
a linear projection from Veronese surface V cP^ with center a,t p ^ V 

V 
i \ 

\ 

P2 - - ^ 5. 

We consider the linear system of dimension two, C := ^*|Op2(l)| which a generic 
element is an irreducible conic in S. It is known the family of planes 

r^ine G(2, 4) I C C TT for some C e C} , 

defines a foliation by planes on P^. We denote by ttc the plane containing C. 

We will use such foliation by planes to define a foliation by lines on P''. Let 9 be 
a foliation on P'^ with non-degenerate Gauss map 

Ge ■■ F p2 

I ^ Gg{l). 

If we see I as subset of P^, then Ge{l) £ I- 

Therefore one has the following commutative diagram 

C = e,|Op2(l)|-'^' 

P2 = |0p2(l)|--' ^P2 
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where ^pe := o Ge o ^ . If wc see C as subset of S, then tpg^C) G C because 

Let us denote by 'ipg{C)'^^ C G(l, 4) the family of hnes contained in wc passing 
through ip0{C). Hence, the family 

S:=UceC MC)lc 

defines a foliation by lines Q on such that Q\-„c is the radial foliation on ttc 

determined by the lines passing through '4'q{C) G C. 

To define the degenerate foliation on one consider the rational map 

if : F 
Therefore, we define the degenerate foliation on P^ as 

Now, let us look at the leaves of JF. Since Gg is gencrically a local isomorphism, 
then it sends to a web 9^ on P^ (the dual web of 9). Hence, we obtain a web 
on S because ^ is a birational map. We will see that the leaves of are locally a 
band over a curve invariant by 

Let p £ S a, generic point and Gi, ...,Ck & C such that 

We take k G P^, i = I, k, such that = Cj. Since Gg is generically a local 

isomorphism, there exist one neighbourhood U C S oi p and one neighbourhood 

Vi C P^ of k, i = 1, ...k, such that 

(a) We have C o Gg{V,) = U for all i = 1, k; 

(b) The map Gg send to a smooth foliation r^i on U for all i = 1, k; 

(c) The foliations r]i, ■■.,rik are the local decomposition of (^*^^) in [7, i.e. the 
tangent spaces of ryi, % are tangent to and are in general position 
at all point of U ; 

(d) The foliation r}i is tangent to C, at p for alH = 1, fc. 
Let us consider the projection along the leaves of Q 

<j) : P-* S 
pe-iTc i-^ipg{G). 

We notice that 
and 

with TTc'i C Wi. 

It follows from the commutativity of the diagram 

^ - 



A 

I 

- >P2 
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that T\wi — * = Ij ■■■,k. We notice that since rji is tangent to d at p, one 

obtains that ttq contains the tangent hne to rji at p. Therefore, by the construction, 
a leaf of J-\wi is a band over a leaf of rji because is a union of such planes ttc. . Thus 
T is a degenerate foliation on P**. 

It follows from Proposition [3] that if T does not have a rational first integral 
then it has rank three because Q is not tangent to a foliation by planes containing 
a line. Since is a rational map, J- has a rational first integral if and only if 6 has 
a rational first integral. 

6.2. Classification Theorem. 

Theorem 5. Let J- he a degenerate foliation on P**. Then we have one of the 
following possibilities: 

(1) J- has a rational first integral; 

(2) J- is one of the foliations as in examples of ^6.1[ 

Proof. Let be a degenerate foliation on P^. If Gyr has rank at most two, then 
either ^ has a rational first integral or ^ is a linear pull-back of some foliation on 
P^ (cf. [1]). Since a linear pull-back of some foliation on P^ is also a linear pull-back 
of some foliation on P'^ as in Example [1] it remains to consider the case in which 
J- has rank three. 

Let ^ be a foliation of rank three on P"'. We can consider the foliation by lines 
Q determined by the fibers of Gjr. Let Mq be the saturation of a germ of leaf of T 
hy Q, as in §5.11 one has the following diagram 



fMQ-=foii 




9Mo g 



Bmq — — ^ B 

Given L ^ B we still denote by L the correspondent line see as subset of P^ . Given 
L an invariant line by Q not contained in Sing(C/) and seeing the focal points as 
divisors in L, it follows from Theorem [3] that: 

(1) AMg{L) has degree 2; 

(2) Ag{L) has degree 3; 

(3) AMo(i) <Ae(i). 

Let E be an irreducible component of the support of Hg, on one hand we can 
consider the codimension one foliation ■= {f*^)\E on E. Since the line g^^{L) 
is invariant by f*J-^, thus E is not invariant by f*J-'. On the other hand we can 
consider the foliation rjE defined by / on i? (see Definition [J). We denote by 
rjE C J-E when rjE is tangent to Te- The following lemma relates such foliations 
with the focal points. 

Lemma 4. Let J-" be a foliation of rank three on P** and Q the foliation hy lines 
determined hy the fibers of Gjr. If E is an irreducible component of the support of 
Hg such that f{E) has dimension two, then 

r]E C Te 

if and only if |A^^(L)| D E is not empty for a generic line invariant hy Q. 
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Proof. It follows from Proposition [2] that 

kerd/(a;) C T,E, 

for a generic point x G E. Thus 

kerd/(a;) = ker {df{x)\T^E) = T^Ve- 

By definition x belongs to |A^j^(L)| if and only if /mq is not an immersion at x. 
Therefore x belongs to |A^,^^^(L)| if and only if 

T^T^E = keidfix) c T,(Mo n £;) = T^Te- 
This proves the lemma. □ 

The Lemma m will play a main role. Because if g~^{L) n E' is a set of a single 
point we may consider the projection along the lines of G 

^E ■■ V* — f{E), 

and it is easy to see that a fiber of is an invariant cone by J- if and only if 

rjE C Te- 

If Q is the radial foliation determined by the lines passing through p £ P^, then 
!F is the linear pull-back of some foliation on P"^. In fact, let ip '■ ---^ be the 
linear projection from p. By hypothesis ip has fibers which is tangent to thus 
it follows from [51 Lemma 2.2] (applied to V'|(P''\{p})) that there is a foliation rj on 

such that J-' = ip*{ri). Therefore we are in Example [T] From now on we will 
suppose Q does not have isolate singularities. 

Since Amo{L) has degree two, we will separate in the following cases: 

(I) - Amo{L) =pi+P2, with pi^p2. 
(II) -Amo{L) = 2p. 

Case (I). To deal with this let us consider the following: 

(I. a) The support of Hg has just one irreducible component; 

(I.b) The support of Hg has at least two irreducible distinct components. 

Case (I. a). We suppose Hg = E. The inequality 

AM„(i) < Ag(L) 

implies that | AJj^ {L) | ni? is not empty for a generic line L invariant hy Q. It follows 
from [3] that f{E) has dimension two. Hence by Lemma |3] we get 

rjE C Te- 

Since the multiplicity at a generic point of E must be constant we have that 

Ag(L) =Pi+P2 +P3- 

But this contradicts the fact that Amo{L) has degree two, because r/E C Te implies 
that Pi e \Am„{L)\, i — 1,2,3. Therefore this case cannot happen. 
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Case (I.b). We first consider the following claim: 

Claim 1. Suppose that lS.Ma{L) = pi + P2, the support of Hg has at least two 
irreducible distinct components and Ag has pure dimension two. Then T has a 
rational first integral. 

Proof. It follows from hypothesis 

Amo (L) =Pi+P2 

and from Lemma |4] that there are Ei , E2 irreducible components of the support of 
Hg (with possibility Ei — E2) such that 

VEi C , i = 1, 2. 

Thus 

Hmq = Fi-\- F2, 

where Fi,F2 are irreducible distinct components of Kmq and invariant by 775^, riE2 
respectively. Therefore Mq is a join J(/(Fi), /(F2)), that is, the set of lines which 
intersect f{Fx) and /(i^2)- 

Let Ni, z = 1, 2, be a leaf of r]E^ such that N^H F^^ ^ 0. We set i e {1, 2}, since 
the leaves of rji are algebraic curves one obtain that g^^{g{Ni)) intersect Fj, i ^ j 
in a algebraic curve Cj which is not invariant by rjE . Hence Mq is contained in 
join J(/(Ci), /(C2)) which is algebraic. Therefore a generic leaf of T is algebraic. 
Since has infinite algebraic leaves, the result follows from [HI Theorem 3.3]. □ 

To finish the Case (I) it remains to consider the case in which the support of 
Hg has at least two irreducible distinct components and Ag has one fundamental 
component of dimension one, that is, 

Hg = Ei+ 2E2 , dim/(Si) = 2 and dimf{E2) = 1. 

Since AMgiL) = pi +P2, it follows from Lcmma[l]that t^b^ C Tei- Let us consider 
the projection along the lines of Q 

^E^ : f{Ei). 

The condition rjEi C J-'ei implies that the fibers of 4'Ei are invariant cones by J-. 
We notice also that the fibers of (f)Ei are connected because these are cones over 
the irreducible curve f{E2). It follows from [5J Lemma 2.2] that there is a foliation 
77 on f{Ei) such that 

r = <t>EM- 

Therefore T is one of the foliations as in Example [2l This concludes Case (I). 

Case (II). As we have noticed, a generic leaf of T is either a cone, a join or a 
band. By hypothesis a leaf of T cannot be a join. Suppose that a generic leaf is 
a cone. Then it must be a cone with vertex running over a curve C (contained 
in the fundamental set of ^) because we are supposing Q does not have isolate 
singularities. We can consider the projection along the lines of Q 

4) : P'^ C, 

According to the hypothesis, J- must be the foliation defined by the fibers of cj). 
Therefore J- has a rational first integral. 

Let us suppose that a generic leaf of ^ is a band, that is, a union of tangents 
planes to a curve. The family of such planes V C G(2,4) defines a foliation by 
planes on P"'. By Theorem [2] one can separate in the following cases: 
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Case (1) of Theorem [2] If there is a line / such that V is determined by the 
family of planes which contains /, then 

Im(G^) c r = p2 c P'^. 

Thus J- does not have rank three. Therefore this case cannot happen. 

Case (2) of Theorem [2j Suppose there exists a plane E and a non-constant 
morphism 

: E* ^ pi — > G(l,4) 
such that V is determined by the family of planes 



Since V is tangent to for each tt G S* there exist a morphism 

(^^ : (V'Itt)); — >7r, (^^(C)e^, 

such that is determined by the family of lines which contains the point ^■n{C)- 
We have the following possibilities: 

(i). V'(^) is contained in E for all tt e E* (see Figure 2). 
(i.a). If IvatfTT — ipiir), then 

Hg=3E, f{E)^j:. 

We can suppose :— Im(-0) is a curve contained in E^. Let C C S be the dual 
curve of C^, i.e. the family of lines iP{tt) C E are tangent to C. 

We set p £ P''\Sing(^) and Mq the saturation of a germ of leaf of ^ by passing 
through p. We know that Mq is a band over a curve Cmo : that is, Mq is a union of 
planes which contain the tangent lines to Cmq ■ We also know that the restriction 
of Q to any of this planes is radial by a point q e Cmq- Thus 

Cl,^ C C E-, 

and hence Cmq C C. But this contradicts the hypothesis IukPtt = iP{tt). Therefore 
this case cannot happen. 

(i.b). If Imi^TT — {Ptt} C iP{tt), then Q is one of the foliations as in Example[3l i.e. 

Hg =3E, dimf{E) = 1 and f{E) C E. 
Hence the projection 

(t>x ■■ P" X 

as in Example [3] has connected fibers tangent to T. It follows from [5, Lemma 2.2] 
that there exist a foliation rj on X such that T — (pxiv)- Therefore T is one of the 
foliations as in Example [3l 
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(i.c). Suppose that hnipTr is not contained in i/'(7r). We consider the surface 

S = U^eT^'lrmp^ c¥\ 

We set p and Mq the saturation of a germ of leaf of by passing through p. 
We know that Mq is a band over a curve Cmq , i-e. Mq is a union of planes which 
contain the tangent lines to Cmo ■ We also know that Q restrict to any of this planes 
is radial by a point q G Cmq- Therefore Cmq C S. 

Since p is a generic point, we may suppose that Mq is not contained in tt because 
J- is not the pencil of hyperplanes containing E. Thus Cmo is not contained in tt 
and the same holds for TqCua- 

But by hypothesis under Mq, there exist a plane ^ G "P such that Q restrict to 
^ is the radial foliation through q and also ^ contains TqCMo- Since ^ C tt this is 
a contradiction, because TqCua not contained in tt. Therefore this case cannot 
happen. 




Case (i.a) Case (i.b) Case (i.c) 



Figure 2. Case (i). 

(ii). "(/'(tt) is not contained in E for generic tt e E* (see Figure 3). 
(ii.a). If Im(/37r = ipiT^), we consider the surface 

With the same argument as in (i.c) we see that this case cannot happen, 
(ii.b). If Im(^^ = {ptt} C ipiT^), we consider the curve 

C = U^es*P7r- 

By the description of leaves of T, the planes in V contains the tangent lines to 
C. But this is a contradiction because such planes are tangent to the pencil of 
hyperplanes tt G E*. Therefore this case cannot happen. 



24 



T. FASSARELLA 



(ii.c). If Ini(^7r C Tr\{ip{TT) US), we consider the surfaces 

Si = UTreS'V'C'r) and ^2 = U^es'lni<^7r- 

We notice that 

Ag{L) =Pl+P2+P3 

where pi = LnSi, p2 = LC\L2 and ^3 = LflE. But this contradicts the hypothesis 
^Mn{L) — 2p because /S.Ma{L) < Ag{L). Therefore this case cannot happen. 

(ii.d). If Im(/3^ C S, we consider the surface 

We suppose first that the family of curves Im(^^, tt e E* is constant, that is, the 
map TT 1-^ luupTr is constant. We know that if Mq is the saturation of a germ of leaf 
of by C/ passing through p, then it is a band over a curve Cmo j i-S- Mq is a union 
of planes which contain the tangent lines to Cm,, ■ We have also that Q restrict to 
any of this planes is radial by a point q G Cm^-,. Thus Cmq C Imiy9^ C S. But this 
is a contradiction because a generic ^ E V is not tangent to ImipT^. Therefore we 
may suppose that tt 1— > Im(/?7r is not constant. 

If every curve Im^Jir, tt G S* is a line, then Q is one of the foliation as in 
Example m if not, Q is one of the foliation as in Example [5l In both cases we have 
the projection 

(t)x : F"^ X 

which fibers are connected and invariant by T. It follows from [S] Lemma 2.2] that 
there is a foliation 77 on X such that = (p*^ [rj) . Therefore is either one of the 
foliations as in Example [4] or as in Example [51 




Case (ii.a) Case (ii.b) Case (ii.c) Case (ii.d) 



Figure 3. Case (ii). 

Case (3) of Theorem [2| There is a cubic surface S and a family C of dimension 
two of conies in S (distinct from double lines) such that V is determined by the 
family of planes containing such conies. It follows from a classical Segre's Theorem 
(cf. [IS]; [T51 Theorem 4]) that either 5 is a cone if such conies are reducible or 
S = Si^2 (the rational normal scroll of degree three in P^) if a generic member of C 
are irreducible. 

We denote by ttc the plane containing C G C. Since ttc is invariant by G for all 
C G C (by definition of P) one obtains that Q restrict to ttc is the radial foliation 
determined by the lines passing through qc G ttc. 
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We claim that qc & S. In fact, if qc ^ S wc would have 

Ae(i) = qc +P1+P2 

where pi,P2 S S because for a generic point in S there is infinite invariant lines by 
G passing through it. But this contradicts the hypothesis AMg{L) = 2p because 
Amo{L) < Ag{L). 

We first suppose that S* is a cone. The family C defines a fibration by line in 
S passing through the vertex. Let Mq the saturation of a germ of leaf oi T by Q 
through p. We know that Mq is a band over a curve Cmq G S, i.e. Mq is a union 
of planes ^ G "P which contain the tangent lines to Cmq- This implies that Cmq is 
tangent to fibration defined by C, hence Cmq <^ C* for some C G C. Thus Mq is a 
band over a line. In this case it is easy to see that Mq has rank one, that is, T does 
not have rank three. Therefore this case cannot happen. 

Let us suppose S — 81^2- We consider the morphism 

: C — > S 

C ^ ^(C) - e C, 

and the projection 

r : P'' C 

p e TTc I— > C. 

Hence, as in Example [6l we have the following commutative diagram 

T 4' 

p4--^C--^S' 

\ /k A 



p2 5^ p2 

Where (p := o r. Since the fibers of (p are connected and tangent to T it follows 
from [5', Lemma 2.2] that there is a foliation 9 on such that !F — (p*{0). Therefore 
T is one of the foliations as in Example [6] This finish the proof of Theorem [5l □ 
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